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Group-level analysis

• Estimation – in parallel across all voxels “Mass-univariate”

• Inference – uses spatial information and correlation among 
measurements
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Group-level estimation

Two important features to consider in estimation:

• Heteroskedasticity – variance differs between participants

• Correlation – measurements from the same individual are correlated

• Accounting for these improves estimation efficiency
• Also needed to obtain unbiased effect size estimates and test statistics
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Mass-univariate approach

• Mass-univariate estimation
• Widely used to localize regions of association (≈18,800 studies)

• Perform inference at each location in the image
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Y1(v)

Y2(v)

Yn(v)

…

𝑌𝑖 𝑣 = 𝛼 𝑣 + 𝑑𝑖
′ × 𝛽 𝑣 + 𝜖𝑖(𝑣),

𝑯𝟎 𝒗 :  𝜷 𝒗 = 𝟎
Reject 𝑯𝟎 𝒗  where 𝒑 𝒗 < 𝜶

Voxel
volumetric pixel

Friston et al., Neuroimage, 1994
Nichols, 
http://blogs.warwick.ac.uk/nichol
s/entry/bibliometrics_of_cluster/
, 2016

for 𝑣 = 1, … , 𝑉

http://blogs.warwick.ac.uk/nichols/entry/bibliometrics_of_cluster/
http://blogs.warwick.ac.uk/nichols/entry/bibliometrics_of_cluster/


fMRI preprocessing steps
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…

Subject space fMRI

Preprocessing:

distortion-correction, 
time-series 

preprocessing, rigid 
registration, brain 

extraction, temporal 
filtering, 6mm FWHM 

Gaussian spatial 
smoothing

…

Template space fMRI

…

Unprocessed fMRI

Y1

Y2

Yn

Registration to
PNC template



Despicable Me first-level analysis
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Subject-level time series model:

= ×  𝛽𝑖,𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑣  + ×  𝛽𝑖,𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑣

𝜖𝑖(𝑣, 𝑡)+

Group-level analysis:

𝑌𝑖 𝑣 : =  መ𝛽𝑖,𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑣  − መ𝛽𝑖,𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑣

Outcome is increased activation in 2-back condition



Heteroskedasticity in group-level analysis

• Despicable Me data

• 𝑌𝑖 𝑣 : =  መ𝛽𝑖,𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑣  − መ𝛽𝑖,𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑣

• It’s possible that Var{𝑌𝑖 𝑣 | 𝑋𝑖} = 𝑔(𝑋𝑖), which implies unequal variances, 
also called heteroskedasticity/nonexchangeability
• E.g. motion causes increased noise

• Even worse: Cov{𝑌𝑖 𝑣 , 𝑌𝑖(𝑤)| 𝑋𝑖} = 𝑔(𝑋𝑖) implies nonexchangeability

• Other examples:
• Cortical thickness, functional connectivity

• Any subject-level estimates
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Multilevel models in neuroimaging

• A group-level analysis might use a multivariate model

𝑌𝑖 𝑣 ≔ [ መ𝛽𝑖,𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑣 , መ𝛽𝑖,𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑣 ] 

• Multiple measurements per participant – requires accounting for 
correlation within participant

• There could be many conditions included in the analysis
• Some tasks have multiple runs (e.g. they scan over three 8 min sessions). 

These are included as repeated measurements

• Random effects analysis
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Potential data structures

• And appropriate methods
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Variance Type

Homosked. Heterosked.

Number of 
Measurements

One Classical statistical 
methods

Variance weighted 
GLM; Robust 
standard errors 
(sPBJ)

Multiple Random effects 
models

FLAME; GEE (sPBJ, 
SwE)

https://www-sciencedirect-com.proxy.library.vanderbilt.edu/science/article/pii/S1053811903007894
https://onlinelibrary.wiley.com/doi/abs/10.1111/biom.13114
https://www.nisox.org/Software/SwE/)


Options for group-level analysis

• Classical approach – using linear model at group-level

• Random effects analysis – with multiple measurements on the same 
participants

• FLAME – random effects with heteroskedasticity

• Semiparametric bootstrap joint inference (sPBJ) – research from my 
group. Correlated data with robust standard errors
• Also implemented in SwE toolbox in SPM

• Permutation testing
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Classic approach – ignores first-level model

• Assume
𝑌𝑖 = 𝑋𝑖𝛽 + 𝜖𝑖

• 𝜖𝑖 ∼ 𝑁 0, 𝜎2

• If 𝜎𝑖
2 does not depend on 𝑋𝑖, this model is still valid – why?

• Normality assumption is not strictly necessary – why?

• What is the estimator for 𝛽 and what is the variance of መ𝛽?
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Robust (heteroskedasticity-consistent) 
standard errors approach
• Assume

𝑌𝑖 = 𝑋𝑖𝛽 + 𝜖𝑖

• 𝜖𝑖 ∼ 𝑁 0, 𝜎𝑖
2 , participants have different variances

• If 𝜎𝑖
2 depends on 𝑋𝑖, possibly in an unknown way

• Normality assumption is not strictly necessary – why?

• What is an estimator for 𝛽 and what is the variance of the estimator?
• The least squares estimator is ok

Simon Vandekar 11



Multi-level (random effects) model

• A random effects model is used to account for correlation among 
repeated measurements
• First-level time-series model, matrix equation:

𝑌𝑘 = 𝑋𝑘𝛽𝑘 + 𝜖𝑘

• Cov 𝜖𝑘 = 𝑉

• Group-level (second-level) model:
𝛽𝑘

𝑇 = 𝑋𝐺𝑘𝛽𝐺 + 𝜂𝑘

• 𝛽𝑘  - can think of this as a column vector or a scalar parameter

• 𝑋𝐺𝑘  is a matrix where each row is the same set of participant-level covariates 
(e.g. participant k’s age, sex, and task performance.

• Cov [𝜂1, … , 𝜂𝑛] = 𝑉𝐺  - for n independent subjects, 𝜂𝑘  are assumed IID
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Combining the two equations

• Combining the two equations gives a typical formula for a random 
effects model

𝑌𝑘 = 𝑋𝑘𝑋𝐺𝑘
𝑇 𝛽𝐺 + 𝑋𝑘𝜂𝑘 + 𝜖𝑘

• 𝜖𝑘 ∼ 𝑁(0, 𝑉) – these are the error variances (time series dependence)

• 𝜂𝑘 ∼ 𝑁(0, 𝑉𝜂) – these are the random effect term with variance

• 𝜖𝑘  and 𝜂𝑘  are independent
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Examples of design matrices in my notation
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𝑋𝑘 =

𝛽𝑘 =

𝛽1𝑘

𝛽2𝑘

…
𝛽10,𝑘

𝑋𝐺𝑘 =

age𝑘 ⋯ sex𝑘

⋮ ⋱ ⋮
age𝑘 ⋯ sex𝑘

𝛽𝐺 = [𝛽𝐺1 … 𝛽𝐺,10] 

Dims: 1 x p Dims: p x 10Dims: 1 x 10

Dims: T x 10



Notation

• I found the notation in the FLAME paper a little confusing

• My notation differs by using subject level notation and treating 𝛽𝑘 as 
a vector

• In their paper they seem to collapse 𝛽𝑘 as a single vector across all 
subjects (instead of a matrix), and so 𝑋𝐺𝑘 would need to have a 
Kronecker product kind of shape
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FLAME

• FLAME is FSL’s approach that uses Bayesian estimation
• It is a multilevel random effects model with unequal variances
• First-level time-series model, matrix equation:

𝑌𝑘 = 𝑋𝑘𝛽𝑘 + 𝜖𝑘

• Cov 𝜖𝑘 = 𝑉𝑘. Covariance being indexed by 𝑘 implies what?
• Group-level (second-level) model:

𝛽𝑘
𝑇 = 𝑋𝐺𝛽𝐺 + 𝜂𝑘

• 𝛽𝑘  - can think of this as a column vector or a scalar parameter
• Cov [𝜂1, … , 𝜂𝑛] = 𝑉𝐺  - for n independent subjects, 𝜂𝑘  are assumed IID.

• Notation from the reading: Beckmann paper (“flame.pdf”)

• What is the difference from the random effects model?
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FLAME estimation

• Estimation is complex –occurs in multiple levels, which is convenient 
(Section 2.C of Beckmann paper)

• More complex due to estimation of the variance terms
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Semiparametric bootstrap joint (sPBJ) 
inference

• This is what I called the “robust approach” on a previous slide and 
is essentially an imaging version of GEE

• Can accommodate heteroskedasticity and longitudinal models

• Uses “sandwich” covariance estimates for asymptotically unbiased 
spatial covariance function estimator

•  Guillaume et al., 2014 and Vandekar et al., 2019 (see 
homework/reading)
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Estimating equations approach

• Target parameters can be written as solutions to estimating equations

መ𝛽 𝑣 = argmax𝛽 𝑣 − σ𝑖
𝑛 𝑊𝑖 𝑣 𝑌𝑖 𝑣 − 𝑋𝑖

𝑇𝛽 𝑣
2

= Ψ(𝑌 𝑣 , 𝛽 𝑣 ) 

• Differentiating:

𝜕Ψ

𝜕𝛽 𝑣
= ෍

𝑖

𝑛

𝑊𝑖 𝑣 𝑌𝑖 𝑣 − 𝑋𝑖
𝑇𝛽(𝑣) 𝑋𝑖

𝜕2Ψ

𝜕𝛽2 𝑣
= − ෍

𝑖

𝑛

𝑊𝑖 𝑣 𝑋𝑖𝑋𝑖
𝑇
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Taylor expansion of estimating equation

•
𝜕Ψ

𝜕𝛽 𝑣
መ𝛽 𝑣 = 0

• Taylor expansion:

0 = ෍

𝑖

𝑛

𝑊𝑖(𝑣) 𝑌𝑖 𝑣 − 𝑋𝑖
𝑇𝛽 𝑣 𝑋𝑖

𝑇 − ෍

𝑖

𝑛

𝑊𝑖(𝑣)𝑋𝑖𝑋𝑖
𝑇 መ𝛽 𝑣 − 𝛽 𝑣

• Which implies

𝑛 መ𝛽 𝑣 − 𝛽 𝑣 = 𝑛−1 ෍

𝑖

𝑛

𝑊𝑖(𝑣)𝑋𝑖𝑋𝑖
𝑇

−1

𝑛−1/2 ෍

𝑖

𝑛

𝑊𝑖(𝑣) 𝑌𝑖 𝑣 − 𝑋𝑖
𝑇𝛽 𝑣 𝑋𝑖

𝑇
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Asymptotic joint distribution

• 𝑛−1 σ𝑖
𝑛 𝑊𝑖(𝑣)𝑋𝑖𝑋𝑖

𝑇 →𝑃 𝐴(𝑣)

• 𝑛−1/2 σ𝑖
𝑛 𝑊𝑖 𝑣 𝑌𝑖 𝑣 − 𝑋𝑖

𝑇𝛽 𝑣 𝑋𝑖 →𝐷 

 𝑁 0, 𝐵(𝑣, 𝑣) ,

where 𝐵 𝑣, 𝑣 =  𝔼 𝑊𝑖 𝑣 2 𝑌𝑖 𝑣 − 𝑋𝑖𝛽 𝑣 2𝑋𝑖
𝑇𝑋𝑖

• For imaging we are particularly interested in the covariance terms

𝐶𝑜𝑣 𝑛 መ𝛽 𝑣 − 𝛽 𝑣 , 𝑛 መ𝛽 𝑤 − 𝛽 𝑤 = 𝐴 𝑣 −1𝐵(𝑣, 𝑤)𝐴 𝑤 −1

where
𝐵 𝑣, 𝑤 =  𝔼 𝑊𝑖 𝑣 𝑊𝑖(𝑤) 𝑌𝑖 𝑣 − 𝑋𝑖

𝑇𝛽 𝑣 𝑌𝑖 𝑤 − 𝑋𝑖
𝑇𝛽 𝑤 𝑋𝑖𝑋𝑖

𝑇
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Joint distribution of test statistic image 𝑇𝑚1
(𝑣) 

• 𝑇𝑚1
𝑣 = 𝑛 × መ𝛽 𝑣 − 𝛽 𝑣

𝑇
𝐴(𝑣)𝐵 𝑣, 𝑣 −1𝐴(𝑣) መ𝛽 𝑣 − 𝛽 𝑣

• So 𝑇𝑚1
𝑣 = 𝑍 𝑣 𝑇𝑍(𝑣), where

𝑍(𝑣) = 𝑛 × 𝐵 𝑣, 𝑣 −1/2𝐴 𝑣 መ𝛽 𝑣 − 𝛽 𝑣 ∼ 𝑁(0, 𝐼𝑚1
)
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Choosing subject weights for the sPBJ

• Optimal weights are the inverse of the 
observation level variance

• Optimal weight: Wi(v) ≈ Σi 𝑣, 𝑣 −1

• Good weight: Wi is inverse of in-scanner 
motion

• No weights: still good asymptotically 
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Y1(v)

Y2(v)

…

Yn(v)

Cov{𝑌1 𝑣 , 𝑌1 𝑤  𝑋1 =  Σ1 𝑣, 𝑤

Cov{𝑌2 𝑣 , 𝑌2 𝑤  𝑋2 =  Σ2 𝑣, 𝑤

Cov{𝑌𝑛 𝑣 , 𝑌𝑛 𝑤  𝑋𝑛 =  Σn 𝑣, 𝑤



Some computational practicalities

• Estimation in neuroimaging often occurs in parallel across all locations

• Statistical Inference accounts for correlation among voxels

• sPBJ uses bootstrapping to estimate the joint distribution. More on 
this in Guillaume et al., 2014 and Vandekar et al., 2019 (readings)
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Statistical Inference
This is where the spatial aspect of the data in incorporated
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Options for statistical inference

• Types of inference
• Voxel-wise inference

• Cluster extent inference (spatial extent inference)

• Threshold-free cluster enhancement

• Methods of inference
• Gaussian random field theory

• Permutation testing

• Bootstrapping
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Notation
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𝑻𝒎𝟏
𝒗  - Test statistic image for test of 𝐻0 𝑣 :  𝛽 𝑣 = 0

 Can be T, Z, F, or Chi-square

𝒎𝟏 - dimension of 𝛽 𝑣  for all 𝑣

𝒑 𝒗  - p-value image computed from 𝑇𝑚1
𝑣



Hypothesis Testing (Inference)

We define particular hypotheses of interest such as:

𝐻0(𝑣): 𝛽 𝑣 = 0

(no effect of diagnosis on brain activation at location 𝑣)

or (more specifically)

No effect of diagnosis on assumed brain response profile of brain 
activation to positive versus negative  emotions during Despicable Me 

clip at location 𝑣.



Hypothesis Testing

However, hypotheses like:
𝐻0(𝑣): 𝛽 𝑣 = 0

Are more complex than they look. 

For example, are we asking:

𝐻0(𝑣): 𝛽 𝑣 = 0 for all 𝑣 = 1, … , 𝑉

Or

𝐻0(𝑣0): 𝛽 𝑣0 = 0 for a specific 𝑣0 = 1, … , 𝑉?

And what precisely are the alternatives we are interested in?



Hypothesis Testing: Voxel-wise inference

Suppose we wish to test 𝐻0𝑣: 𝛽 𝑣 = 0 for each 𝑣 = 0, … , 𝑉. This is an 
exceedingly common set of hypotheses to test.

Usual process: define the type I error rate (𝛼 = 5%) and find a test 
statistic. If we have a good test statistic, then (under the null) 
approximately 5% of the time we will reject 𝐻0𝑣: 𝛽 𝑣 = 0. 

This is called voxel-wise inference – we are testing every voxel.



False positive rate in high dimensions

• For medical imaging data 𝑉 ≈ 100,000

• Performing the test of 𝐻0(𝑣) for 𝑣 = 1, … , 𝑉 leads to increased false positive rate

• 𝑃 𝑍 𝑣 > 1.96 = 0.05

• 𝑃 𝑣∈𝑀0ڂ
𝑍 𝑣 > 1.96 = 1 − 0.9520 = 0.64 
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Hypothesis Testing Errors

𝑯𝟎(𝒗) True 𝑯𝟎(𝒗) False

Do Not Reject 𝑯𝟎(𝒗) Correct
(probability 1-𝛼)

Type II Error
(probability 𝛽)

Reject 𝑯𝟎(𝒗) Type I Error
(probability 𝛼)

Correct
(probability 1-𝛽)

For each hypothesis test:

#𝑯𝟎(𝒗) True #𝑯𝟎(𝒗) False Total #

Not Rejected 𝑯𝟎(𝒗) U (True negative) T (False negative) 𝑽 − 𝑹

Rejected 𝑯𝟎(𝒗) W (False positive) S (True positive) 𝑹

𝑽𝟎 𝑽 − 𝑽𝟎 𝑽

Across tests:



Hypothesis Testing Error Control
How do we control these errors? There are two common approaches:

Family-wise Error Rate (FWER)
𝐹𝑊𝐸𝑅 = 𝑃 𝑊 ≥ 1

False Discovery Rate (FDR)

𝐹𝐷𝑅 = 𝐸
𝑊

𝑅
∣ 𝑅 > 0  𝑃(𝑅 > 0)

#𝑯𝟎(𝒗) True #𝑯𝟎(𝒗) False Total #

Not Rejected 𝑯𝟎(𝒗) U T 𝑽 − 𝑹

Rejected 𝑯𝟎(𝒗) W S 𝑹

𝑽𝟎 𝑽 − 𝑽𝟎 𝑽



Hypothesis Testing Error Control

How do we control these errors? There are two common approaches:

Family-wise Error Rate (FWER)

More conservative.

False Discovery Rate (FDR)

Less conservative.



Controlling the FWER - Bonferroni

The Bonferroni correction is the most common FWER correction.

It is notoriously conservative (high type II error rate).

Applying the Bonferroni correction is very simple: for each test 𝐻0𝑣, 
estimate a p-value 𝑝𝑣. Then, reject any hypothesis 𝐻0𝑣 where

𝑝𝑣 ≤
𝛼

𝑉
.



Controlling the FWER - Bonferroni

Reject any hypothesis 𝐻0𝑣  where

𝑝𝑣 ≤
𝛼

𝑉
.

But why? First, we need a lemma:

Lemma: Under 𝐻0: 𝑇𝑚1
~𝐹0, we have that 

𝑝𝑡 = 𝑃 𝑇 > 𝑡 𝑇~𝐹0  ~ 𝑈 0,1

Proof: 𝑃 𝑝𝑡 < 𝑢 = P P T > 𝑡 𝑇~𝐹0 < 𝑢 𝑡~𝐹0 = P 1 − F0 t < 𝑢 | 𝑡 ∼ 𝐹0
= 𝑃 𝑡 > 𝐹0

−1 1 − 𝑢 𝑡~𝐹0 = 1 − 𝐹0 𝐹0
−1 1 − 𝑢 = 𝑢.

From lecture notes by Mark van de Wiel (VU/VUmc)



Controlling the FWER - Bonferroni

Then, using Boole’s inequality, and noting by the lemma that under 𝐻0𝑣 we 
have 𝑝𝑣~𝑈 0,1 ,

𝐹𝑊𝐸𝑅 =  𝑃 ∪𝑣=1
𝑉0 𝑝𝑣 ≤

𝛼

𝑉
≤ ෍

𝑣=1

𝑉0

𝑃 𝑝𝑣 ≤
𝛼

𝑉
≤

𝑉0𝛼

𝑉
≤ 𝛼.

Note that this argument did not depend on how many hypotheses were true, 
nor did it depend on the distribution of the test statistics; in particular, it did 
not depend on any correlation between the test statistics.



Controlling the FWER – Boole’s
Another relatively common technique for controlling the FWER is referred to as Holm’s procedure.

• Order the p-values such that 𝑝(1) ≤ ⋯ ≤ 𝑝(𝑉).

• Adjust the p-values:
𝑝𝑗

∗ = min{ 𝑉 − 𝑗 + 1 𝑝𝑗, 1}

Which is equivalent to finding the largest 𝑘 such that 

𝑝(𝑘) >
𝛼

𝑉 − 𝑘 + 1

And rejecting 𝐻0(1) ≤ ⋯ ≤ 𝐻0(𝑘−1) but not 𝐻0(𝑘) ≤ ⋯ ≤ 𝐻0(𝑉).

Note that the Holm procedure also controls the FWER under arbitrary dependence, invoking Boole’s inequality.



Controlling the FDR

• Controlling the FDR results in more liberal inference, and higher 
statistical power, at the cost of FWER.

• There are several common methods for controlling the FDR, but the 
most common is called the Benjamini-Hochberg procedure.
• Controls the FDR under independence.

• Controls the FDR under positive dependence. 

• A modification of this procedure is also available for more general 
dependencies and is known at the Benjamini-Yekutieli procedure.
• It is known to provide much less power, and so is less common.



Controlling the FDR - BH

To control the FDR, Benjamini and Hochberg (1995) suggested that we 
can control the FDR at level 𝛿 by:

• Ordering the p-values such that 𝑝(1) ≤ ⋯ ≤ 𝑝(𝑉).

• Finding the largest 𝑘 such that 

𝑝(𝑘) ≤
𝑘

𝑉
𝛿

And rejecting 𝐻0(1) ≤ ⋯ ≤ 𝐻0(𝑘) but not 𝐻0(𝑘) ≤ ⋯ ≤ 𝐻0(𝑉).



These methods ignore joint distribution. 
What else can we do?
• Another (less common) approach was pioneered by Westfall and 

Young (1993) and is based on permutation:

• We permute the rows of the design matrix (𝑋𝑖) repeatedly and 
generate the distribution of the maximum test statistic (or min p-
value). 

• Then we compare this empirical distribution of the maximum test 
statistic with the observed distribution of the test statistics.



Many spatial FDR methods

Benjamini & Heller, JASA, 2007
Shen et al., JASA, 2002
Sun et al., JRSSB, 2015



Cluster extent inference most widely used 
approach in medical imaging
• Multiple comparisons correction

• FWER

• FDR

• Voxel-wise correction

• Cluster extent inference

• Other approaches
• TFCE

• Cluster-mass
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Woo, Krishnan, & Wager, Neuroimage, 2014



Cluster extent inference procedure
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Cluster
Num 

voxels
Vol 

(mm3)

1 157 628

2 67 268

3 57 228

  ⋮ ⋮ ⋮

16 1 4

Binarize 
thresholded 
stat image

Compute 
cluster 

statistics

Threshold 
stat image

(CFT)

• Image viewed as a “random field”

• Choose cluster forming threshold (CFT) 𝑝 𝑣 < 0.001 
(i.e. 𝑇1 𝑣 > 10.82)

Statistic image, 𝑇𝑚1
𝑣 ,

for test of: 𝑯𝟎 𝒗 :  𝜷 𝒗 = 𝟎

𝑻𝒎𝟏
𝒗  - Chi-squared 

statistic image for test 
of 𝐻0 𝑣 :  𝛽 𝑣 = 0
𝒑 𝒗  - p-value image 
computed from 𝑇𝑚1

𝑣

𝑚1 - dimension of 𝛽 𝑣



Cluster extent inference p-values
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New set of hypotheses that are cluster specific:

• Let 𝐸 𝑐  denote the cluster extents for 𝑐 = 1, … , 𝐶, where 𝑐 indexes clusters 
in decreasing size

• 𝐻0 𝑐 : 𝐸 𝑐 =𝑑 𝐸0 𝑐 , where 𝐸0 𝑐  assumes 𝐻0 𝑣 :  𝛽 𝑣 = 0 ∀ 𝑣

• Compute cluster adjusted p-value

𝑝 𝑐 = 𝑃(𝐸0 1 > 𝑒 𝑐 ),

• where 𝑒(𝑐) is the observed cluster extent for cluster 𝑐

• Computing 𝒑 𝒄  requires an estimate of the joint distribution of 𝑻𝒎𝟏
𝒗

𝑻𝒎𝟏
𝒗  - Chi-squared 

statistic image for test 
of 𝐻0 𝑣 :  𝛽 𝑣 = 0
𝒑 𝒗  - p-value image 
computed from 𝑇𝑚1

𝑣

𝑚1 - dimension of 𝛽 𝑣



Spatial extent inference interpretation

• 𝑝 𝑐  is the probability of observing a cluster size at least as large as 
cluster 𝑐 if the image is not associated with the covariate
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Three approaches to CEI

1. Gaussian random field
2. Permutation method – randomise from FSL1

3. Parametric bootstrap joint (PBJ) testing procedure2
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1Winkler et al., Neuroimage, 2014
2Vandekar, Arxiv, 2018



Gaussian Random Field Theory

• This is a fancy term describing the fact that the data across locations are 
correlated, and we can make assumptions about them.

• Most commonly, we assume test statistics are normally distributed but 
correlated across locations, which is called a Gaussian Random Field (GRF).
• Alternative approaches assume T, F, or Chi-square distributions.

• Usually, we assume that the smoothness in the image is the same across 
locations (spatial stationarity) – this can get us into trouble.

• The effective number of tests is less than the number of voxels, and this 
can be expressed as the number of “resels” (Worsley et al., 1992). This 
allow us to threshold more liberally while adjusting for multiple 
comparisons.



Gaussian Random Field Theory

• GRF approximations require one or more parameters describing spatial 
smoothness. This is usually estimated from the data.

• GRF assumptions can give us the null distribution of the maximum test 
statistic, which we can use to do voxel-wise testing.
• It’s fast and gives a threshold for p-values that controls FWER.

• But it hinges on the assumptions.

• It can also be used to compute the distribution of the maximum cluster 
size

• What else can it give us?



Probabilities for cluster sizes

• Sophisticated inequalities based 
on topology yield cluster extent 
thresholds to compute 
probabilities for cluster sizes

• y-axis is the voxel-wise threshold 
(standard normal scale)

• x-axis is the number of voxels

• Contour lines are 𝑃(𝐸0 1 > 𝑥),
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Friston et al., 1994



GRF References
• Friston et al. (1994) Assessing the significance of focal activations using their spatial extent

• Brett, Johnsrude & Owen (2002) Introduction to Random Field Theory

• Worsley et al. (1992) Three-dimensional statistical analysis for CBF activation studies

• Woo, Krishnan & Wager (2014) Cluster-extent based thresholding in fMRI analyses

• Eklund, Nichols & Knutsson (2016) Cluster failure: Why fMRI inferences…

• Nonstationary RFT: Hayasaka et al. (2004)

• Cluster-Mass RFT: Zhang et al. (2009)

• Threshold-Free Cluster Enhancement (TFCE): Smith & Nichols (2009)

• Peaks as test statistics, EC gives expected number of maxima.

• Cao & Worsley (1999) The distribution of the maximum of Gaussian random fields on 6D correlation matrices

• Davenport & Nichols (2020) Selective peak inference…

• Davenport et al. (2023) Robust FWER control in neuroimaging using RFT
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Problem: inflated FWER in neuroimaging
• Standard mass-univariate tools have inflated FWER

• Unrealistic assumptions about covariance structure
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Eklund et al. 2016

• Elegant approach to evaluate the false positive rate

• Fit task models to resting state data – there should be no association

• Evaluated error rates – raises concerns about GRF error rates
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Unrealistic assumptions in CEI

• Classical methods for 
SEI rely on smooth 
Gaussian random field 
approximations

• GRF approximations 
only work under very 
restrictive assumptions

• Many papers on this:
Silver 2011, Woo 2014, Eklund 2016, Flandin 
2016, Slotnick 2017, Cox 2017, Kessler 2017, 
Mueller 2017, Greve 2018
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Cox et al., Brain Connectivity, 2017



Permutation tests work quite well

• Permutation testing 
maintains nominal FWER

• Requires exchangeability – 
cannot accommodate 
multilevel models or 
heteroskedasticity
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Greve & Fischl, Neuroimage, 2018



Permutation CEI procedure
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Y1(v)

Y2(v)

…

Yn(v)

= 𝑋0𝛽 𝑣 + 

R1(v)

…

R2(v)

Rn(v)

Step 1: Get residuals from full model

Rπ(1)(v)

Rπ (2)(v)

…

Rπ (n)(v)

= 𝑋0𝛽0 𝑣 + 𝑋1𝛽1𝑝 𝑣 + 𝜖𝑝(𝑣)

Steps 2 to P+1: Fit model to 
randomly permuted residuals

𝐻0 𝑣 : 𝛽1𝑝 𝑣 = 0

𝑝adj 𝑐 = 𝑃−1#{𝐸𝑝(1) > 𝑒 𝑐 }

Step P+2: Compute adjusted p-values

𝐸𝑝(1)
CFT



Permutation procedure with covariates

• Randomise (FSL permutation 
procedure) uses the Freedman-Lane 
method

• They evaluated many in their paper
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Winkler et al., Neuroimage, 2017



Freedman-Lane procedure
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Permutation CEI

• For cluster extent inference, the test statistic 𝑇0 is the maximum 
cluster size in the image

• The image is permuted as a whole

• A similar procedure can be used to perform FWER control as well

Simon Vandekar 59



Permutation CEI procedure pros and cons

• Pros:
• It is more robust than GRF based methods

• It is easily implemented for linear models with the “randomise” FSL function

• Cons
• It is not appropriate for multilevel models e.g. fMRI

• Requires exchangeability assumption i.e. Var{ መ𝛽𝑖 𝑣 , መ𝛽𝑖 𝑤 } = Σ 𝑣, 𝑤

• It can take over a day to run
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Semi-PBJ (sPBJ) CEI procedure

Vandekar et al., Arxiv, 2018
Long & Ervin, Am. Stat., 2000
MacKinnon & White, J. Econo., 1985

= 𝑋0 መ𝛽0 𝑣 + 𝑋1
෢𝛽1𝑝 𝑣 +

Y1(v)

Y2(v)

…

Yn(v)

R1(v)

…

R2(v)

Rn(v)

𝑍0 𝑣 ∼ 𝑁(0, Σ 𝑚×𝑚 )

Step 1: Get residuals from full model 
with noise deweighting

Step 2: Use residuals to estimate 
covariance of the test statistics

Step 3: Use computationally efficient methods 
to sample 𝑍0𝑏 𝑣  for 𝑏 = 1, … 𝐵

Step 4: Compute adjusted cluster p-values

sPBJ procedure uses robust 
“sandwich” covariance matrix

Wn(v)

W1(v)



Typical statistical reporting
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Bratlen et al., J Psychiatry Neurosci, 2015
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Voxel-based morphometry analysis reveals frontal brain differences in 
participants with ADHD and their unaffected siblings
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• They compared structural differences at the voxel-level 
between ADHD, sibling, and HC

• Questions:
• What is the interpretation of the results?
• What kind of test was performed at each voxel? What is the 

contrast?
• What kind of spatial inference was used?

• Methods: We considered differences to be significant if they 
survived cluster-mass thresholding with the easythresh 
option in FSL (www.fmrib.ox.ac.uk/fsl), using an initial 
cluster forming threshold of z > 3.1. Subsequently, we 
estimated each cluster’s significance level based on 
Gaussian random field theory, and those clusters surviving 
a family-wise error (FWE)–corrected significance threshold 
of p < 0.05 showing volume differences > 0.1 mL were 
reported.

• Results: 

https://pmc.ncbi.nlm.nih.gov/articles/PMC4915936/
https://pmc.ncbi.nlm.nih.gov/articles/PMC4915936/
https://pmc.ncbi.nlm.nih.gov/articles/PMC4915936/
https://pmc.ncbi.nlm.nih.gov/articles/PMC4915936/
http://www.fmrib.ox.ac.uk/fsl


Bratlen et al., J Psychiatry Neurosci, 2015

• Cluster summary table
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Posthoc comparisons

• Analyses in significant clusters.

• What is different from the C-A p-values shown here?
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Loitfelder et al., PLOS One, 2014
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Brain Activity Changes in Cognitive Networks in Relapsing-Remitting 
Multiple Sclerosis – Insights from a Longitudinal fMRI Study
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• They compared functional changes at the voxel-level between MS 
and HC during a Go/No-Go task

• Questions:

• What model was used?

• What kind of test was performed at each voxel? What is the contrast?

• What kind of spatial inference was used?

• Methods: Higher-level analysis was done using FLAME stage 1 
(FMRIB’s Local Analysis of Mixed Effects). Z (Gaussianised T/F) 
statistic images were thresholded using clusters determined by 
Z>2.3 and a (corrected) cluster significance threshold of p = 0.05 
(for further details see [4]). At higher level, contrasts were 
calculated within-groups over time and across groups over time.

• Results: Patients demonstrated increased activation compared to 
HC in the insular cortex and precuneus at BL. At FU, they 
additionally activated the posterior cingulate cortex (PCC), the 
cerebellum (left crus II, right lobule VI), and the lateral occipital 
cortex (superior and inferior division, Figure 2, Table 3).

Figure 2. Areas with increased brain activation in MS patients vs. 

controls.
Clusters of significant activation difference (mixed effects higher level 

analyses; Z>2.3; corrected cluster significance threshold p = 0.05) in contrasts 

for Go-/noGo task vs. rest for MS patients compared to controls at baseline 
(1) and follow-up (2).

https://journals.plos.org/plosone/article?id=10.1371/journal.pone.0093715
https://journals.plos.org/plosone/article?id=10.1371/journal.pone.0093715
https://journals.plos.org/plosone/article?id=10.1371/journal.pone.0093715
https://journals.plos.org/plosone/article?id=10.1371/journal.pone.0093715
https://journals.plos.org/plosone/article?id=10.1371/journal.pone.0093715
https://journals.plos.org/plosone/article?id=10.1371/journal.pone.0093715
https://journals.plos.org/plosone/article?id=10.1371/journal.pone.0093715#pone.0093715-Loitfelder1


Loitfelder et al., PLOS One, 2014
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Extras after this

Simon Vandekar 70



FSL slides on GRF and 
permutation
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Slides on sPBJ evaluation
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Philadelphia Neurodevelopmental Cohort (PNC)1

• Cohort study to investigate genetic and imaging risk factors associated 
with psychiatric disorders
• Led by Raquel Gur and Hakon Hakonarson

• Cross-sectional N-back data 1,600 volunteers ages 8-23
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1Satterthwaite et al., Neuroimage, 2016

n % female Age (SD) Age range

1000 55% 14.7 (3.5) 8-23



N-back data analysis

• We analyzed a subset of 1000 subjects imaged as part of the 
Philadelphia Neurodevelopmental Cohort

• Our scientific goal is to understand how activation associated with 
increasing working memory load is related to task performance

• Our null hypothesis at 𝑣 is 𝐻0 𝑣 :  𝛽 𝑣 = 0 
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𝑌𝑖 𝑣 = 𝛼0 𝑣 + 𝛼1 𝑣 × sex𝑖 + 𝛼2 𝑣 ×  age𝑖 + 𝛼3 𝑣 × mot𝑖

+𝛽 𝑣  ×  𝑑𝑖
′ + 𝜖𝑖(𝑣)

Satterthwaite et al., J Neuro, 2013



Simulating realistic heteroskedasticity

• To generate realistic heteroskedasticity we bootstrapped from N-back data

• In a subset of 1000 subject from the PNC, we fit the model

• The sample mean of Ƹ𝜖 𝑖(𝑣) is then independent of the covariates

•  The covariance function Cov{ Ƹ𝜖 𝑖 𝑣 , Ƹ𝜖 𝑖 𝑤 } may be affected by covariates
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+𝑓 𝑣, age𝑖 + 𝑔 𝑣, mot𝑖 + ℎ 𝑣, 𝑑𝑖
′ + 𝜖𝑖(𝑣)

𝑌𝑖 𝑣 = 𝛼0 𝑣 + 𝛼1 𝑣 × sex𝑖



The covariance function 
is affected by covariates 
in the N-back sample

• Cov{𝑌𝑖 𝑣 , 𝑌𝑖 𝑤  𝑋𝑖 ≠
Cov{𝑌𝑗 𝑣 , 𝑌𝑗 𝑤  𝑋𝑗  implies 
heteroskedasticity
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Intuition behind simulation procedure

• Treat residuals Ƹ𝜖 𝑖(𝑣) of 1000 subjects as population under the null

• In each simulation draw a bootstrap sample and fit the model

• Perform test of 𝐻0 𝑣 : 𝛽𝑏 𝑣 = 0 and 𝐻0 𝑣 : 𝛼3𝑏 𝑣 = 0 to assess 
effect of heteroskedasticity on FWER of SEI procedures
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Ƹ𝜖 𝑖𝑏 𝑣 = 𝛼0𝑏 𝑣 + 𝛼1𝑏 𝑣 × sex𝑖𝑏 + 𝛼2𝑏 𝑣 ×  age𝑖𝑏 + 𝛼3𝑏 𝑣 × mot𝑖𝑏

+𝛽𝑏 𝑣  × 𝑑𝑖𝑏
′ + 𝜖𝑖𝑏(𝑣)



Procedures we will compare

• GRF - classical GRF based method assuming local correlation in field

• Perm - permutation procedure assumes exchangeability

• Perm Grp - permutation procedure, attempts to adjust for non 
exchangeability

• PBJ - parametric bootstrap joint procedure [PBJ(1), PBJ(mot)]

• sPBJ - semiparametric bootstrap joint procedure [sPBJ(1), sPBJ(mot)]
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Friston et al., Neuroimage, 1996
Winkler et al., Neuroimage, 2014
Winkler et al., Neuroimage, 2015
Vandekar et al., Biometrics, 2019



Heteroskedasticity 
simulation: type 1 

error rates

• For the test of the motion covariate
• GRF near 100% error rate

• Permutations and unweighted PBJ have 
inflated error rate

• Robust methods have near nominal 
performance at less conservative CFTs

• For the test of the d’ covariate
• GRF still quite high

• Other methods near or approach 
nominal level

• Next slide: power analysis

Vandekar et al., Biometrics, 2019



Heteroskedasticity 
simulation: power 

results

• Power results for the test of the d’ 
covariate for a rejection threshold of 0.01

• Type 1 error rates near the nominal level

• Motion deweighting may improve power 
here
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N-back data analysis 

• We used a random subset of 200 subjects to evaluate the different 
procedures

• Recall our goal: to identify regions where WM performance is 
associated with WM activation

• The PBJ and sPBJ procedures used voxel-wise weights proportional to 
the inverse of the subject variance image estimates.

• Use SEI to compute p-values for each cluster
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N-back data 
analysis results
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• The sPBJ have smaller p-values 
in some regions

• Small p-values indicate cluster 
sizes that are unlikely under the 
global null 𝐻0 𝑣 : 𝛽𝑏 𝑣 = 0, 
for all 𝑣
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The covariance function 
is affected by covariates 
in the N-back sample
• Cov{𝑌𝑖 𝑣 , 𝑌𝑖 𝑤  𝑋𝑖 ≠

Cov{𝑌𝑗 𝑣 , 𝑌𝑗 𝑤  𝑋𝑗  implies 
heteroskedasticity

• Functional connectivity is 
evidence of heteroskedasticity
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Comparing assumptions
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GRF FLAME Permutation sPBJ

Assumes homoskedasticity / /
Uses normal approximations /
Repeated measurements /
Robust to model misspecification

Uses some kind of approximation /

*Methods overlap software packages, e.g. permutation is available in SPM and AFNI, but not as the default



TFCE
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